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BL-RINGS
OLIVIER A, HEUBO-KWEGNA, CELESTIN LELE, JEAN B. NGANOU
Abstract. The main goal of this article is to introduce BL-rings, i.e., com-
mutative rings whose lattices of ideals can be equipped with a structure of
BL-algebra. We obtain a description of such rings, and study the connec-
tions between the new class and well known classes such as multiplications
rings, Baer rings, Dedekind rings.
Key words: Multiplication ring, Baer ring, subdirectly irreducible ring, BL-
ring.
1. Introduction
Given any ring (commutative or not, with or without unity) R generated
by idempotents, the semiring of ideals of R under the usual operations form
a residuated lattice A(R). In recent articles, several authors have investigated
classes of rings for which the residuated lattice A(R) an algebra of a well-
known subvariety of residuated lattices. For instance, rings R for which A(R)
is an MV-algebra, also called  Lukasiewicz rings are investigated in [2], rings R
for which A(R) is a Go¨del algebra, also called Go¨del rings are investigated in
[3], and very recently rings R for which A(R) is an pseudo MV-algebra, also
called Generalized  Lukasiewicz rings are investigated in [11].
In the same spirit, the goal of the present article is we introduce and in-
vestigate the class of commutative rings R for which A(R) is a BL-algebra,
also referred to as BL-rings. Among other things, we show that this class is
properly contained in the class of multiplication rings as treated in [9], and
contains properly each of the classes of Dedekind domains,  Lukasiewicz rings,
discrete valuation rings, Noetherian multiplication rings. We also prove that
BL-rings are closed under finite direct products, arbitrary direct sums, and
homomorphic images. Furthermore, a description of subdirectly irreducible
BL-rings is obtained, which combined with the well known Birkhoff theorem,
provides a representation of general BL-rings.
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We recall that a commutative integral residuated lattice can be defined as
a nonempty set L with four binary operations ∧,∨,⊗,→, and two constants
0, 1 satisfying: (i) L(L) := (L,∧,∨, 0, 1) is a bounded lattice; (ii) (L,⊗, 1) is
a commutative monoid; and (iii) (⊗,→) form an adjunct pair, i.e., x⊗ y ≤ z
iff x ≤ y → z, for all x, y, z ∈ L.
An Rℓ monoid is a residuated lattice L satisfying the divisibility axiom,
that is: x ∧ y = (x→ y)⊗ x, for all x, y ∈ L.
A BL- algebra is an Rℓ monoid L satisfying the pre-linearity axiom, that
is: (x→ y) ∨ (y → x) = 1, for all x, y ∈ L
An MV-algebra is a BL-algebra L satisfying the double-negation law: x∗∗ =
x, for all x ∈ L, where x∗ = x→ 0.
Given any commutative ring R generated by idempotents (that is for every
x ∈ R, there exists an idempotent e ∈ R such that ex = x), the lattice
of ideals of R form a residuated lattice A(R) := 〈Id(R),∧,∨,⊗,→, {0}, R〉,
where I ∧J = I ∩J , I ∨J = I +J , I⊗J := I ·J , I → J := {x ∈ R : xI ⊆ J}.
Note that I∗ is simply the annihilator of I in R.
The following notations will be used throughout the paper. Given a com-
mutative ring R, recall that an ideal I of R is called an annihilator ideal (resp.
a dense ideal) if I = J∗ for some ideal J of R (resp. I∗ = 0).
A(R) denotes the residuated lattice of ideals of R;
MV (R) denotes the set of annihilator ideals of R;
D(R) denotes the set of dense ideals of R.
2. BL-rings, definitions, examples and first properties
In this section, we introduce the notion of BL-rings. As announced, these
should be rings R for which A(R) is naturally equipped with a BL-algebra
structure. Some of the main properties of these rings, and their connections
to other known classes of rings are established.
Definition 2.1. A commutative ring R is called a BL-ring if for all ideals I, J
of R,
BLR-1: I ∩ J = I · (I → J),
BLR-2: (I → J) + (J → I) = R.
Note that BLR-1 is equivalent to I ∩ J ⊆ I · (I → J) since the inclusion
I · (I → J) ⊆ I ∩ J holds in any ring. In addition, BLR-2 is easily seen to be
equivalent to each of the following conditions:
BLR-2.1: (I ∩ J)→ K = (I → K) + (J → K) for all ideals I, J,K of R.
BLR-2.2: I → (J +K) = (I → J) + (I → K) for all ideals I, J,K of R.
RINGS WHOSE IDEALS FORM A BL-ALGEBRA 3
Recall [9] that a commutative ring is called a multiplication ring if every ideals
I, J of R such that I ⊆ J , there exists an ideal K of R such that I = J ·K.
Proposition 2.2. A commutative ring satisfies BLR-1 if and only if it is a
multiplication ring.
Proof. Suppose that R is a BL-ring and let I, J be ideals of R such that I ⊆ J .
Then by BLR-1, I = I ∩ J = I · (I → J). Take K = I → J .
Conversely, suppose that R is a multiplication ring and let I, J be ideals of R.
Since I ∩ J ⊆ I, there exists an ideal K of R such that I ∩ J = I ·K. Hence,
I · K ⊆ J and it follows that K ⊆ I → J . Thus, I ∩ J ⊆ I · (I → J). As
observed above, the inclusion I · (I → J) ⊆ I ∩J holds in any ring. Therefore,
BLR-1 holds as needed. 
Recall that a ring R is said to be generated by idempotents if for every x ∈
R, there exist e = e2 ∈ R such that xe = x.
Corollary 2.3. 1. Every BL-ring is generated by idempotents.
2. A commutative ring is a BL-ring if and only if A(R) is a BL-algebra.
Proof. 1. BLR-1 implies that R is a multiplication ring, and it is known that
every multiplication ring satisfies the condition [9, Cor. 7].
2. This is clear from (1) and the axioms BLR-1 and BLR-2. 
Example 2.4. 1. Discrete valuation rings (dvr).
The ideals of a dvr are principal and totally ordered by the inclusion. Clearly
BLR-2 holds in any chain ring. As for BLR-1, let I, J be ideals of a dvr R. If
I ⊆ J , then I → J = R and I ∩ J = I · (I → J). On the other hand, if J ⊆ I,
since I is principal, then I = aR for some a ∈ R. Let j ∈ J ⊆ aR, then j = ax.
So ax ∈ J and x ∈ I → J . Hence, j ∈ I · (I → J) and I ∩ J ⊆ I · (I → J).
2. Noetherian multiplication rings.
By Proposition 2.2, every multiplication ring satisfies BLR-1. In addition, if R
is a Noetherian multiplication ring, then R is a Noetherian arithmetical ring
and by [10, Thm. 3], K → (I +J) = (K → I)+ (K → J) for all ideals I, J,K
of R. Hence, R satisfies BLR-2.2, which is equivalent to BLR-2 as observed
earlier. Whence, R is a BL-ring as claimed.
3.  Lukasiewicz rings. Indeed, if R is a  Lukasiewicz ring, then its ideals form
an MV-algebra [2].
4. Go¨del rings. Indeed, if R is a Go¨del ring, its ideals from a a BL-algebra in
which I · J = I ∩ J [3].
Remark 2.5. 1. Each of the classes of rings of Example 2.4 is a proper
subclass of BL-rings. In fact Z is a Noetherian multiplication ring
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that is neither a dvr nor a  Lukasiewicz ring. In addition, ⊕∞
n=1
R is a
 Lukasiewicz ring that is neither Noetherian, nor a dvr.
2. A Noetherian ring is a BL-ring if and only if it is a multiplication ring.
In addition, note that Noetherian multiplication rings are ZPI-rings
(see for e.g., [12, Exercise 10(b) pp. 224]), and ZPI-rings are direct
sum of a finite number of Dedekind domains and special primary rings.
Therefore, Noetherian BL-rings are direct sum of a finite number of
Dedekind domains and special primary rings.
Recall that a Baer ring is a ring in which every annihilator ideal is generated
by an idempotent, i.e., for every ideal I of R, there exists an idempotent e ∈ R
such that I∗ = eR.
The following lemma will be needed when working with BL-rings.
Lemma 2.6. Let R be a ring, and I, J,K be ideals of R such that I ⊆ J,K.
Then,
(a) I ⊆ (I∗ · J)∗, J → I, J → K,K → J ;
(b) (J/I)∗ = (J → I)/I;
(c) (J/I)→ (K/I) = (J → K)/I.
Proof. These are easily derived from the definitions of the operations involved.

Note that if a ring satisfies BLR-2, then since I → J = I → (I ∩J), it must
satisfy the following.
BLR-3: I ∩ J = 0 implies I∗ + J∗ = R.
Proposition 2.7. A ring R satisfies BLR-2 if and only if every quotient (by
an ideal) of R satisfies BLR-3.
Proof. Suppose that R satisfies BLR-2, and let I be an ideal of R. Let I ⊆ J,K
such that (J/I)∩(K/I) = I. Then, J ∩K = I. Now, (J/I)∗+(K/I)∗ = (J →
I)/I+(K → I)/I = (J → (J∩K))/I+(K → (J∩K))/I = ((J → K)+(K →
J))/I = R/I. Thus, R/I satisfies BLR-3. Conversely, suppose that every
factor of R satisfies BLR-3. Let I, J be ideals of R, then R/(I ∩ J) satisfies
BLR-3. Since (I/(I∩J))∩(J/(I∩J)) = I∩J , then (I/(I∩J))∗+(J/(I∩J))∗ =
R/(I ∩ J). That is, (I → (I ∩ J))/I + (J → (I ∩ J))/I = R/(I ∩ J), or
(I → J)/(I ∩ J) + (J → I)/(I ∩ J) = R/(I ∩ J). Thus, ((I → J) + (J →
I))/(I ∩ J) = R/(I ∩ J) and it follows that (I → J) + (J → I) = R. So, R
satisfies BLR-2 as needed. 
Corollary 2.8. Every multiplication ring satisfies BLR-2 if and only if every
multiplication ring satisfies BLR-3.
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The following example, which is a special case of [9, Ex. 4] is a multiplication
ring that does not satisfy BLR-2.
Example 2.9. Let F be any field and let R be the subring of
∏
∞
k=1
F gener-
ated by ⊕∞
k=1
F and the constant functions from N→ F .
Then R is a multiplication ring with identity.
Note that R is the subring of
∏
∞
k=1
F of all sequences N→ F that are eventu-
ally constant. That is f ∈ R if and only if there exists x ∈ F and n ≥ 1 such
that f(k) = x for all k ≥ n.
Now, let I = {f ∈ R : f(2k) = 0 for all k ∈ N} and J = {f ∈ R : f(2k + 1) =
0 for all k ∈ N}.
Then I, J ⊆ ⊕∞
k=1
F , I ∩ J = 0, I∗ = J , J∗ = I. Thus, I∗ + J∗ = I + J 6= R.
Proposition 2.10. Let R be a ring that is generated by idempotents and P
be a prime ideal of R. Recall [12, §IX.4] that
N(P ) = {x ∈ R : xs = 0 for some s ∈ R \ P}
Then
⋂
P
N(P ) = 0.
Proof. Let x 6= 0, then (xR)∗ 6= R. Thus, there exists a prime ideal P of R
such that (xR)∗ ⊆ P . We claim that x /∈ N(P ). Indeed, if x ∈ N(P ), then
xs = 0 for some s /∈ P . This would imply that s ∈ (xR)∗ ⊆ P , which is a
contradiction. 
Proposition 2.11. Every multiplication ring with unity is a subring of a direct
product of dvrs and SPIRs.
Proof. Let R be multiplication ring with unity. Consider ϕ : R→
∏
P
RP de-
fined by ϕ(x) = (x
1
)P . Then ϕ is a ring homomorphism and kerϕ =
⋂
P
N(P ).
Thus, ϕ is injective by Proposition 2.10. On the other hand, R is an AM-ring
[5, Lemma 2.4]. Therefore, by [12, Thm. 9.23, Prop. 9.25, Prop. 9.26], each
RP is either a dvr or an SPIR. 
Proposition 2.12. BL-rings are closed under each of the following operations.
1. Finite direct products;
2. Arbitrary direct sums;
3. Homomorphic images.
Proof. 1. Let R =
∏
n
k=1
Rk, where each Rk is a BL-ring. Using the fact that
each Rk is generated by idempotents, one gets that any ideal I of R is of the
form I =
∏
n
k=1
Ik, where Ik is an ideal of Rk for all k.
On the other hand, if I =
∏
n
k=1
Ik and J =
∏
n
k=1
Jk, one can easily verify the
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following identities: I · J =
∏
n
k=1
Ik · Jk, I → J =
∏
n
k=1
Ik → Jk, I ∩ J =∏
n
k=1
Ik ∩ Jk, and I + J =
∏
n
k=1
Ik + Jk.
From these identities, it becomes clear that R satisfies BLR-1 and BLR-2 since
each Rk does. Therefore, R is a BL-ring.
2. This is very similar to the above. Indeed, one proves that ideals of direct
sums of BL-rings are direct sums of ideals and the argument goes through as
in (1), with each instance of the finite direct product replaced by a direct sum.
3. Let R be a BL-ring and I be an ideal of R. We shall show that R/I is a
BL-ring. Recall that ideals of R/I are of the form J/I, where J is an ideal
of R with I ⊆ J . Let J,K be ideals of R containing I. Using the properties
stated in Proposition 2.6, we have (J/I) ∩ (K/I) = (J ∩ K)/I = (J · (J →
K))/I = (J/I) · (J → K)/I = (J/I) · ((J/I) → (K/I)). Thus, R/I satisfies
BLR-1. The verification of BLR-2 is similar. Therefore, R/I is a BL-ring as
needed. 
The following examples shows that an arbitrary direct product of BL-rings
needs not a BL-ring.
Example 2.13.
3. Connection with Baer rings and Von Neumann ring
Proposition 3.1. A reduced ring with identity satisfies BLR-3 if and only if
it is a Baer ring.
Proof. Suppose R is a reduced ring with identity that satisfies BLR-3. Let I
be an ideal of R, then since R is reduced, I ∩ I∗ = 0. It follows from BLR-3
that I∗ + I∗∗ = R. Hence, 1 = a + b for some a ∈ I∗ and b ∈ I∗∗. Thus,
a = a.1 = a(a+ b) = a2+ ab = a2 and a is idempotent. Now, for every x ∈ I∗,
x = x.1 = x(a+ b) = xa+ xb = xa. Therefore, I∗ = aR and R is a Baer ring.
Conversely, suppose that R is a Baer ring and let I, J be ideals such that
I ∩ J = 0. Then I ⊆ J∗ = eR, for some idempotent e ∈ R. Note that since
I ⊆ eR and e is idempotent, then 1− e ∈ I∗. Thus, 1 = (1− e) + e ∈ I∗+ I∗∗
and I∗ + I∗∗ = R. 
Recall that in every Baer ring R, a∗ is the unique idempotent element in R
such that (aR)∗ = a∗R. An ideal I of a Baer ring is called a Baer-ideal if for
every a, b ∈ R such that a− b ∈ I, then a∗ − b∗ ∈ I.
Corollary 3.2. For every Baer ring R and every Baer-ideals I, J of R, (I →
J) + (J → I) = R.
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Proof. Let R be a Baer ring and I, J be Baer-ideals of R, then I ∩J is a Baer-
ideal. Hence, R/(I ∩J) is a Baer ring and by Proposition 3.1, satisfies BLR-3.
It follows as in the proof of Proposition 2.7, that (I → J) + (J → I) = R. 
Proposition 3.3. 1. Every quotient (by an ideal) of a multiplication ring is
a multiplication ring.
2. Every quotient (by an Baer-ideal) of a Baer ring is a multiplication Baer
ring.
Proof. 1. Let R be a multiplication ring and I an ideal of R. Let J/I ⊆ K/I
be ideals of R/I, then J ⊆ K. Thus, as R is a multiplication ring, there exists
an ideal T of R such that J = K · T . Hence, J/I = (K · T )/I = K/I · T/I.
Therefore, R/I is a multiplication ring.
2. [14, Lemma 3] 
Recall that a Commutative ring with is a Von Neumann ring (VNR) if and
only if RP is a field for all prime ideals of R.
Proposition 3.4. Every VNR is a multiplication ring.
Proof. Note that by Proposition 2.2, we simply have to prove BLR-1, which
we shall do locally. Let R be a VNR, and I, J be ideals of R, and P a prime
ideal of R. We need to show that IP ∩JP = IP · (I → J)P . Since RP is a field,
then IP = 0 or RP and JP = 0 or RP . The equation is obvious when IP = 0.
We consider the remaining two cases.
Case 1: If IP = JP = RP , then J ∩ (R \ P ) 6= ∅. But, J ⊆ I → J , so
J ∩ (R \ P ) ⊆ (I → J) ∩ (R \ P ). Hence (I → J) ∩ (R \ P ) 6= ∅ and (I →
J)P = RP . Thus IP · (I → J)P = RP · (I → J)P = (I → J)P = RP = IP ∩JP .
Case 2: Suppose IP = RP and JP = 0, then I ∩ (R \P ) 6= ∅. We need to show
that (I → J)P = 0. Since I ∩ (R \P ) 6= ∅, there exists s ∈ I and s /∈ P . Now,
let x ∈ (I → J) and t /∈ P . Then, xs ∈ J and since JP = 0, it follows that
xs/t = 0/t. Thus, xst′ = 0 for some t′ /∈ P , which implies that x/t = 0/t.
Whence, (I → J)P = 0 as needed. 
It follows from Proposition 3.4 and its proof that a VNR is a BL-ring if and
only if it satisfies for all ideals I, J and all prime ideal P ,
IP = JP = 0 implies (I → J)P = RP
4. representation and further properties of BL-rings
Recall that it follows from the most celebrated Birkhoff subdirectly irre-
ducible representation Theorem (see for e.g., [1, Thm.8.6]), every BL-ring R
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is a subdirect product of subdirectly irreducible rings, all of whom are homo-
morphic images of R. It follows from Proposition 2.12 that every BL-ring R
is a subdirect product of subdirectly irreducible BL-rings. This justifies the
need to start our analysis with subdirectly irreducible BL-rings. It is known
that for every subdirectly irreducible commutative ring R with minimal ideal
M is either R is a field or M2 = 0 (see for e.g., [8]).
Proposition 4.1. Let R be a subdirectly irreducible BL-ring with minimal
ideal M . Then
1. The annihilator ideals of R are linearly ordered and finite in number;
2. Every ideal of R is either an annihilator ideal or dense;
3. M is an annihilator ideal;
4. For every annihilator ideal I 6= R and every dense ideal J , I ⊆ J and
J → I = I;
5. For every ideals I, J of R, either I → J or J → I is dense.
Proof. Note that A(R) is a BL-algebra and MV (R) is an MV-algebra, more
precisely the MV-center of A(R). Moreover, (
∨
I)∗ =
⋂
I∗, which implies that
every subset of MV (R) has an infimum. It follows from this that every subset
of MV (R) also has a supremum since
∧
S = (
∨
S∗)∗ [6, Lemma 6.6.3]. Thus,
MV (R) is a complete MV-algebra. In addition, for every nonzero ideal I of R,
M ⊆ I, so I∗ ⊆ M∗. Therefore, for every proper ideal J in MV (R), we have
J ⊆ M∗. This means that MV (R) \ {R} has a maximum element, namely
M∗ (note that M∗ 6= R since M 6= 0). To see that (MV (R),⊆) is a chain,
let X, Y ∈ MV (R) such that X * Y and Y * X , then X → Y, Y → X 6= R
and X → Y, Y → X ⊆ M∗. Hence, by the pre-linearity axiom, R = (X →
Y ) ∨ (Y → X) ⊆ M∗. Hence, M∗ = R, which is a contradiction. Therefore,
(MV (R),⊆) is an MV-chain as claimed. But the only complete MV-chains
are finite  Lukasiewicz chains and [0, 1]. The condition MV (R) \ {R} has a
maximum element implies that MV (R) is a finite  Lukasiewicz chain. This
completes the proof of (1) and (3).
On the other hand, since the MV-center of A(R) is a finite  Lukasiewicz
chain, it follows from [4, Remark 3.3.2] that A(R) ∼= MV (R) ⊕ D(R), the
ordinal sum of MV (R) and D(R). Readers unfamiliar with the ordinal sums
of hoops may [4, §3.1] for basic definitions and properties. The property stated
in (2) clearly holds in MV (R) ⊕D(R), and therefore in A(R). Similarly, (4)
follows from the definitions of the implication → in the ordinal sum.
It remains to prove (5). Since A(R) is a BL-algebra, it is known (see for
e.g., [4, p. 368]) that the set D(L) of dense elements of any BL-algebra L is an
implicative filter and L/D(R) ∼= MV (L). Therefore, A(R)/D(R) ∼= MV (R),
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and since MV (R) is linearly ordered, we deduce that A(R)/D(R) is linearly
ordered. The conclusion now follows from the definitions of order and → on
A(R)/D(R).

The following result, which is the analog of [3, Theorem 3.9] shields light on
the structure of a general BL-ring.
Theorem 4.2. (A Representation Theorem for BL-rings) Every BL-ring R is
a subdirect product of a family {Rt : t ∈ T} of subdirectly irreducible BL-rings
satisfying:
1. A(Rt) ∼= MV (Rt)⊕D(Rt) for all t ∈ T ;
2. A(R) is a subdirect product of {A(Rt) : t ∈ T};
3. A(Rt) is a BL-algebra with a unique atom.
Proof. In light of the opening remarks of this section, more importantly Propo-
sition 4.1 and its proof, we only need to prove (2). To show that A(R)
is a subdirect product of {A(Rt) : t ∈ T}, recall that there is a family
{It : t ∈ T} ideals of R such that Rt = R/It for all t and
⋂
It = 0. Now, define
Θ : A(R)→
∏
t∈T
A(R/It) by Θ(I) = I+ It mod It. It is readily verified that
Θ is a subdirect embedding of BL-algebras. 
We shall end our study by establishing some (further) properties of BL-rings.
Proposition 4.3. Let R be a BL-ring. Then
(i) Let I be an ideal of R and P a prime ideal of R. Then I ⊆ P or
I → P = P .
(ii) Every proper ideal is contained in a prime ideal of R.
(iii) If P,Q ⊆ R are prime ideals that are not comparable, then they are
comaximal, that is, P +Q = R.
(iv) If P,Q ⊆ R are distinct minimal prime ideals, then they are comaximal.
(v) Let I be an ideal of R. Then the prime ideals below I, if any, form a
chain.
(vi) Suppose R is a local ring. Then the prime ideals of R form a chain
and each ideal is a power of a prime ideal.
(vii) Suppose P,Q ⊆ R are prime ideals that are not comparable. Then there
is a BL-epimorphism from A(R)→ A(R/p⊕ R/Q).
(viii) Suppose the set of minimal primes Min(R) is finite, then R is a finite
direct sum of Dedekind domains and special primary rings.
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Proof. (i) Let I be an ideal of R and P a prime ideal of R. We have
from BL-1 I ∩ P = I(I → P ). So I(I → P ) ⊆ P . Thus I ⊆ P or
I → P ⊆ P . Clearly P ⊆ I → P and the result follows.
(ii) This holds since every BL-ring is generated by idempotents (Corollary
2.3 1.). In fact, Let I be a proper ideal R and let a /∈ I. There is an
e ∈ R with e2 = e such that a = ae. It is clear that e /∈ I since a /∈ I.
Let P be a maximal ideal with respect containing I but not containing
e. Suppose now that xRy ⊆ P where x, y /∈ P . then e ∈ P + RxR
and e ∈ P + RyR (as if e is not in the ideal it would contradict the
maximality of P ). It follows that e ∈ P + xRyR ⊆ P , which is a
contradiction. Thus P is prime.
(iii) This follows from the combination of BL-2 and (i), since R = (P →
Q) + (Q→ P ) = P +Q = R.
(iv) This follows from the fact that distinct minimal primes are not com-
parable and the use of (iii).
(v) Suppose P,Q ⊆ I with P and Q prime ideals. If P and Q are not
comparable, we have R = P + Q ⊆ R which contradicts the fact that
I is proper. Hence the prime ideals below I, if any, form a chain.
(vi) Suppose R is a local ring. We have a unique maximal ideal that con-
tains all the prime ideals of R. Thus the prime ideals of R form a
chain by (v). Now the radical of an ideal I of R is the intersection
of all prime ideals containing I. Since the prime ideals form a chain,
the intersection of a chain of prime ideals is a prime ideal and it then
follows that the radical of I is a prime ideal. Since R is a multiplication
ring, it follows that I is a power of a prime ideal [13, Theorem 5.]
(vii) Suppose P,Q ⊆ R are prime ideals that are not comparable. We
know that R/P and R/Q are BL-algebras (so R/p ⊕ R/Q is also a
BL-algebra) and P + Q = R. Also, R2 + P = R2 + Q = R. By the
Chinese Remainder Theorem the natural map R→ R/p⊕R/Q is onto.
Thus the natural map induces naturally a BL-algebra epimorphism
A(R)→ A(R/p⊕R/Q).
(viii) This holds since R is a multiplication ring and [13, Theorem 11.].

Acknowledgments: Thanks are due to Professor Bruce Olberding for the
fruitful discussion we had with him over multiplication, Baer, and Von Neu-
mann rings.
RINGS WHOSE IDEALS FORM A BL-ALGEBRA 11
References
[1] S. Burris, R. Shankapanavar, A Course in Universal Algebra, Springer-Verlag, New
York-Heidelberg-Berlin, (1981).
[2] L. P. Belluce, A. Di Nola, Commutative rings whose ideals form an MV-algebra,
Math. Log. Quart. 55(5) (2009)468-486.
[3] L. P. Belluce, A. Di Nola, E. Marchioni, Rings and Go¨del algebras, Alg. Univers.
64 (2010)103–116.
[4] M. Busaniche, F. Montagna, Ha´jek’s logic BL and BL-algebras, Handbook of Math-
ematical fuzzy logic, volume 1(2011)
[5] H. S. Butts, R. C. Phillips, Almost Multiplication rings, Canad. J. Math.
17(1965)267-277.
[6] R. Cignoli, I. D’Ottaviano, D. Mundici.: Algebraic foundations of many-valued
reasoning, Kluwer Academic, Dordrecht (2000)
[7] A. Dvurecenskij, Pseudo MV-algebras are intervals in ℓ-groups. J. Aust. Math. Soc.
72 (2002), 427-445.
[8] S. Feigeilstock, A note on subdirectly irreducible rings, Bull. Aust. Math. Soc. 29
(1984)137–141
[9] M. Griffin, Multiplication rings via their total quotient rings, Can. J. Math.
26(1974)430-449.
[10] C. U. Jensen, Arithmetical rings, Acta Math. Acad. Sci. Hungaricae Tomus 17
(1996)115-123
[11] A. Kadji, C. Lele, J.B. Nganou, On a noncommutative generalization of  Lukasiewicz
rings, J. Appl. Log. 16 (2016)1–13.
[12] M. D. Larsen and P. J. McCarthy, Multiplicative theory of ideals, Academic Press,
New York and London 1971.
[13] J. L. Mott, Multiplication rings containing only finitely many minimal prime ideals,
J. Sci. Hiroshima Univ. Ser. A-I (1969) 73-83
[14] T. P. Speed, M. W. Evans, A note on commutative Baer rings, Cambridge University
press,
Department of Mathematical Sciences, Saginaw Valley StateUniversity,
Cameroon
E-mail address : oheubokw@svsu.edu
Department of Mathematics and Computer Science, University of Dschang,
Cameroon
E-mail address : celestinlele@yahoo.com
Department of Mathematics, University of Oregon, Eugene, OR 97403
E-mail address : nganou@uoregon.edu
